Abstract. A vast number of deaths in the world have been attributed to atherosclerosis.
Introduction
Atherosclerosis, as one of the prevalent cardiovascular diseases (CVD) [1] , is characterized by accumulation of Low Density Lipoprotein (LDL) in arterial wall [2] . It commonly develops in large-and medium-sized elastic arteries [3] . The transport process of atherogenic species, which is called arterial mass transport such as LDL, from the bulk blood ow in lumen to arterial wall, makes a signi cant contribution to lipid accumulation in arterial wall [4] . The LDL accumulation, resulted from a progressive disorder in arterial wall, leads to gradual narrowing of arteries and plaque formation [1] .
It is concurred that atherosclerosis lesions do not occur in a random fashion [5] . Today, researchers agree that atheroma develops in regions with complex ow pattern. Sites of Branching, bifurcation, bending, and local dilation are examples of these regions [6] [7] [8] .
Another critical event for development of atherosclerosis are in ammatory cells, including monocytes, macrophages, and lymphocytes (predominantly T cells) [5] . Early atherosclerotic lesion is a common site for accumulation of monocytes and T lymphocytes. Ingesting oxidized LDL (LDL ox ), macrophages turn into monocytes in the artery wall and entirely become foam cells. Although there is a complex process for plaque formation, some researchers believe that it is initiated by the oxidation of accumulated LDL [5] . The rst step to model abnormal enlargement of intima is modeling LDL accumulation in arterial wall.
The main focus of the present study is developing a new, simple and accurate model for intimal thickening in order that it can be easily applied to complex geometries such as carotid artery. Accumulated LDL in the intima is the rst stage of arterial wall thickening. A homogenous reliable four-layer model is used to investigate LDL concentration in the intima, both analytically and numerically. Applying analytical results to growth model, which is based on oxidation of LDL, we developed a practical, however, simple model to predict IMT (Intima-Media Thickness) for healthy subjects and more interestingly for hypertensive cases. These results agree well with clinical and experimental data. Finally, the model is applied to a carotid artery in order to investigate LDL accumulation in the carotid arterial wall and predict the maximum intimal growth rate of the artery.
Mathematics formulation
The arterial wall consists of endothelium, intima, IEL and media which are all considered macroscopically homogenous porous media. The detailed description of the model is presented by Yang and Vafai [9] .
Lumen
Flow in the lumen is assumed to be incompressible and Newtonian, so the governing equations can be expressed as: V:rV r 2 V + rp = 0; (1) r:V = 0; (2) where V , p, , and are the velocity vector, pressure, density, and dynamic viscosity of blood, respectively.
Via the mass transport equation, concentration eld is obtained by:
where c is the LDL concentration and D is the LDL di usivity in the blood.
Arterial wall
Endothelium, internal elastic lamina, intima, and media are treated as macroscopically homogenous layers and modeled as: K hV i = r hpi + 0 r 2 hV i ;
r: hV i = 0;
(1 f ) hV i :r hci = Dr 2 hci + k hci ;
where K is the hydraulic permeability, the e ective dynamic viscosity, which is chosen as =", " the porosity, k the e ective volumetric rst-order reaction rate, and f the Staverman ltration osmotic re ection coe cient. The symbol h i shows the local volume average of a quantity. It should be noted that reaction only happens in the media, so k is equal to zero for other layers.
Growth model for intima
Using Eqs. (1)- (6) and changing intima thickness, we calculated the concentration in intima as a function of this layer thickness. Average dimensionless LDL concentration in intima and accumulated mass per unit area are de ned as:
where " is the intima thickness. The production of oxidized LDL is because of LDL oxidation by reaction with the radicals and a reduction of oxidized LDL through ingestion by macrophages [10] . Based on the assumption that the ingestion process does not change the concentration of oxidized LDL noticeably, the production of oxidized LDL is modeled as: dc ox dt = K L c r c LDL ;
where k L , c r , c ox , and c LDL are reaction rate, radical concentration, the oxidized LDL concentration, and the average LDL concentration in intima, respectively [10] . Evolution of radical concentration is due to loss of radicals through oxidation reactions, a source term and a reduction in concentration through di usion [10] . Reduction through di usion is larger than oxidation reactions, so we can simplify the production of radicals as: dc r dt = r d r c r ;
where r is source term, and d r is degradation rate [10] . 
There is a signi cant and direct correlation between oxidized LDL and IMT, as reported by Savoiu [11] . The correlation shows that: dc ox de = 25:5 mg=dl mm :
Finally, the rate of intima-media thickening can be measured by Eqs. (9) to (13) 
All the values of the required physiological parameters for numerical and analytical solutions are provided in Table 1 . Permeability, e ective di usivity and porosity of each layer are di erent and unique. Any change in properties of a layer can have a signi cant in uence on transmural pressure and LDL concentration.
3. Numerical solution for the straight tube artery 3.1. Geometry
The artery is assumed as a straight axisymmetric geometry with the radius of R = 3:1 mm. The thickness of endothelium, Intima, IEL, and media are taken as 2 m, 10 m, 2 m, and 200 m, respectively.
Boundary conditions
The boundary conditions, as shown in Figure 1 , for momentum equations are: speci ed parabolic pro le for velocity at the inlet of the arterial lumen, constant pressure at the outlet of the arterial wall, and mediaadventitia interface and zero radial velocity at the axis of symmetry. Additionally, continuity of velocity and shear stress are applied at interfaces. The concentration boundary conditions are zero normal di usive ux at the arterial wall inlet and outlet. It should be noted that the mass transport in the lumen is ignored due to its negligible e ect. The concentration in media-adventitia interface is taken zero. At other interfaces, mass transport boundary condition is de ned as:
; (15) where positive and negative signs show two sides of the interface.
Computational approach
The artery is assumed as a straight axisymmetric geometry. The pressure-bases nite-volume algorithm SIMPLE is employed to solve the steady ow. Twodimensional, four-noded square elements are used in the present simulation. A ne mesh is implemented near the interfaces in order to capture high LDL concentration gradients. Also, to attain grid-independent results, numerical experimentation is performed.
Analytical solution for the straight tube artery
Considering a straight pipe, as arterial wall, there are analytical solutions for Eqs. (4)- (6) . LDL transport is assumed to be in radial direction, because the ltration velocity in the radial direction is far larger than the ltration velocity in the axial direction [12] . It is also reported in [9] that due to large resistance o ered by arterial wall, impact of pulsation on LDL transport across the arterial wall is negligible for a straight wall [9] . Based on these assumptions, Eqs. (4)- (6) 
Media:
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where V 0 is the ltration velocity obtained from numerical data and is chosen as 2:31 10 5 mm/s, and R is radius of arterial wall, which is equal to 3.1 mm; c 0 is the LDL concentration in the lumen. The boundary conditions for momentum equations are de ned as:
where at rst p 2 is chosen as 30 mmHg and p 1 is chosen as 100 mmHg, then, they, respectively, are chosen as 150 mmHg and 190 mmHg in order to investigate hypertension e ect. The corresponding concentration boundary conditions at interfaces can be written as [12] : Lumen-Endothelium:
Media-Adventitia:
Endothelium-intima, intima-IEL, and IEL-media:
(1 
Application to a carotid artery
The geometry of the three dimensional model for carotid bifurcation, shown in Figure 2 , was derived from Gijsen et al. [13] . A parabolic velocity pro le was prescribed at the inlet in which the Re number was Figure 2 . Schematic of the geometry of a simple carotid.
speci ed 270. Stress-free out ow boundary condition was used for external and internal carotid artery, and ow division ration was taken 0.45. The wall was considered to be permeable, and the ltration velocity was obtained from Eq. (28). The concentration boundary conditions were zero di usive ux in the ow direction at both external and internal carotid artery outlets, and constant concentration (C = 1) was taken at the inlet. Eqs. (33)- (40) were used as the concentration boundary condition on the permeable wall. Indeed, LDL transport in the lumen is solved numerically by use of the analytical solution for fourlayer permeable wall. 6 . Results and discussion 6.1. The straight tube artery
In the present study, LDL accumulation in the arterial wall and the growth rate of the intima are investigated for various physiologically pertinent conditions. The inlet bulk ow is chosen as U 0 = 338 mm/s [9] and the reference concentration c 0 = 131:7 mg/dl. Transmural pressure is taken 70, 120 or 160 mmHg. It is also noteworthy to mention that layer porosity inversely a ects LDL uptake by changing transmural pressure. Furthermore, permeability and e ective di usivity in every layer directly in uence LDL concentration and ux.
LDL accumulation in the arterial wall
It has been widely accepted that hypertension has a profound role in the development of atherosclerosis. Three factors have been reported that clarify the role of hypertension in this disease. First, an increase in transmural pressure leads to an increase in ltration velocity and mass ux. Second, an increased uid ux causes an elevation of concentration in lumenendothelium interface. Finally, permeability may be pressure dependent [14] . Figure 3 illustrates that an increase in transmural pressure from 70 mmHg to 160 mmHg causes an The increased ltration velocity due to the increased transmural pressure leads to an increase in convective mass ux, and nally causes higher LDL accumulation in arterial wall, as illustrated in Figure 4 . The results are in good agreement with the results of Yang and Vafai [12] . Moreover, it is also well established that LDL uptake and accumulation strongly depends on shear stress too. This fact is very crucial when studying this phenomenon locally since complex geometry of vasculature can signi cantly in uence wall shear stress distribution.
Intima growth rate
Relying on analytical solution in di erent conditions such as hypertension and intimal thickness, we did not use the numerical solution which needs a large sum of computational e orts and continue the rest by employing the analytical solution. Figure 5 illustrates average dimensionless LDL concentration. It can be seen that an increase in transmural pressure leads to higher average concentration in intima. As shown in Figure 5 , intimal thickening lowers average concentration in this layer. An increase in the arterial wall thickness results in higher hydraulic resistance, less ltration velocity, and a decrease in solute ux.
As shown in Figure 6 , higher transmular pressure elevates accumulated LDL. It is also shown that rate of mass accumulation decreases when intima grows.
In order to model intimal growth rate accurately, we have to consider four stages consisting of oxidation, in ammatory process, plaque growth, and plaque instability [10] . Yet we want to have a simple model of intimal growth to focus on e ects of high blood LDL concentration and hypertension.
It has been reported that a number of 74 subjects have been opted for questionnaire for identi cation of cardiovascular risk factors which shows that the correlation between LDL OX and LDL is moderate, direct, and signi cant [11] . Therefore, the oxidized LDL rate described in Eq. (13) is used to measure intima thickness based on the assumption that oxidation process does not change accumulated mass in the intima noticeably. Figure 7 shows that for people having normal pressure and 131.7 mg/dl blood LDL concentration, it takes about 80 years to have 360 m increase in IMT. So, the average rate of intimal growth equals to 4.5 m/year and it match clinical reports which showed the rate of intima thickening of healthy subjects is approximately 4.5 m/year.
Gomez-Marcos et al. [15] measured carotid IMT in 121 diabetics, 352 hypertensive patients, and 89 individuals who had neither of these diseases. The mean LDL concentration of healthy subjects was 131.7 mg/dl and that is why we use that amount of concentration in our calculation. They reported that the rate of intima media growth for healthy subjects was 5 m/year which is in good agreement with our results. The rate of intimal growth in hypertensive patients is 6 m/year which shows a 20% increase. As shown in Figure 7 , our results show that the average rate of intima thickening of hypertensive patients with 120 mmHg and 160 mmHg transmural pressure are 5.87 m/year and 6.12 m/year, respectively.
In addition, researchers believe that the correlation between age and IMT has a linear tendency. Gomez-Marcos et al. [15] reported that the correlation coe cient for healthy subjects was 0.706 and this coe cient was measured by Homma et al. [16] as 0.84. We have also found a linear tendency between age and IMT in this study, as well correlation coe cient was computed as 0.87.
For every 0.1 mm increase in carotid IMT, the relative risk of ischemic heart disease increases by 15% [15] . Therefore, the presented model of inti- mal thickening, which can be applied to people with di erent transmural pressure, provides advantageous information to predict atherosclerosis susceptibility in di erent conditions.
The carotid artery
As depicted in Figure 8 , the transmural velocity increases slightly along the artery. As pressure loss along the artery increases, transmural pressure increases as well, because of considering constant pressure in the media-adventitia interface. Obviously, there is not a noticeable di erence between the transmural velocity obtained in the straight tube artery and the carotid including complex geometry. Indeed, both of the results of straight tube artery and the carotid artery indicate the value of 2:28 10 8 m/s for healthy people having normal pressure. Additionally, transmural velocity for patient people having the same carotid geometry but hypertension is obtained which has a negligible di erence with the results indicated for the straight tube artery.
Dimensionless LDL concentration in the LumenEndothelium interface for a healthy subject is illustrated in Figure 9 . Elevated LDL values emerge at regions opposite to the ow divider, and it ranges from 1 to 1.04 in those critical locations. This is not certainly because of transmural velocity variation, since it does not change noticeably as shown in Figure 8 . As mentioned in [13] , in which the geometry of the carotid is taken, an increase in the cross sectional area causes an adverse pressure gradient; therefore, the uid is decelerated, and it a ects increasingly the low impetus uid near the non-divider wall. This could result in elevated LDL concentration in this region. Figure 10 shows how di erent transmural pressure can a ect LDL concentration in the LumenEndothelium interface. An increase in transmural pressure results in an increase in transmural velocity; therefore, it leads to more accumulation of LDL in the critical regions located in non-divider wall. Soulis et al.'s results [17] , which agree well with ours, also show that an increase in transmural velocity causes elevated LDL concentration in the Lumen-Endothelium interface.
A horizontal plane, dividing the geometry into two identical parts, is used to depict mass transport more precisely. The mentioned plane has the same shape as Figure 2 . LDL concentration along non- divider walls are shown in Figures 11 and 12 . In addition, it is graphically depicted that an increase in transmural pressure leads to a signi cant augmentation in LDL concentration on the wall. Also, the concentration is elevated in the region between B and C where cross section area changes and makes high curvature.
Using Eqs. (9) to (14), we obtained the intimal growth rate of the carotid artery. The maximum growth rate happens in the region between B and C on non-divider wall of internal carotid artery where the most accumulation of LDL exists. The maximum growth rate of the carotid artery for people with 70 mmHg, 120 mmHg, and 160 mmHg transmural pressure is obtained 4.68 m/year, 6.28 m/year, and 6.67 m/year, respectively.
Conclusion
Transport of LDL in the arterial wall has been studied using a homogenous porous media model. In addition, an analytical solution is presented to model LDL accumulation in the four-layer arterial wall. The proposed analytical solution has also been compared with numerical solution in di erent transmural pressures and di erent wall thicknesses.
Oxidized LDL rate is calculated using accumulated LDL in intima obtained from analytical solution. This calculated rate is a linear function of IMT. Finally, the model of intima thickening is presented which agrees well with clinical data and shows that the rate of intima thickening of healthy subjects is 4.5 m/year. Additionally, the e ect of hypertension on intima accumulated LDL has been investigated. We have also calculated that the average rates of intima thickening of hypertensive patients with 120 mmHg and 160 mmHg transmural pressure are 4.87 m/year and 6.12 m/year, respectively.
In addition, LDL concentration on the carotid arterial wall is calculated by applying four-layer analytical solution as boundary condition to the carotid permeable wall. It is observed that LDL accumulation elevates in the non-divider wall. Then, the maximum growth rate, which is also located on the non-divider wall, is obtained by use of accumulated LDL concentration in intima.
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